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^ ■ Abstract 



We consider tlie pointwise weighted approximation by Bernstein operators with inner 
ry ! singularities. The related weight functions are weights tt)(x) = \x — C|"(0 < ^ < 1, a > 0). 

-H ' In this paper we give direct and inverse results of this type of Bernstein polynomials. 
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\Q ; 1 Introduction 

in ' 

CN I The set of all continuous functions, defined on the interval /, is denoted by C{I). For any 

C^ ' / G C([0, 1]), the corresponding Bernstein operators are defined as follows: 



where 



Bn{f,x) := V/(-)Pn,fc(a 
k=0 



Pn,k{x)= [^]x\l-xT'\ A: = 0,1, 2,..., n, xG[0,1]. 



Approximation properties of Bernstein operators have been studied very well. Berens and 
Lorentz showed in [IJ that 

Bn{f,x) - fix) = Oi{^6nix)r) ^^ ^Hf,t) = Or^), 



where < ai < 1, 5n{x) = ^{x) + -^, ip{x) = \/x{i — x). 

It is well known that approximation of functions with singularities by polynomial is of special 
value in both theories and applications. As an important type of polynomial approximation, 
approximation of functions by Bernstein operators is an important topic in both approxi- 
mation theory and computational theory, which plays an important role in neural networks, 
fitting date, curves, and surfaces. Some work has been done by [2]. Throughout the paper, 
C denotes a positive constant independent of n and x, which may be different in different 
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cases. 



Let w{x) = \x- Cr, < ^ < 1, a > and C^D :={/ G C([0, 1] \ {^}) : lim iwf){x) = 0}. 

X — >g 

The norm in Cw is defined by ||/||ctD '■= \\wf\\ = sup \{'wf){x)\. Define 

Wlx ■■= {/ G C^ : /' G Aa((0, 1)), II W'll < oo}. 
For / G Cw, the weighted modulus of smoothness is defined by 



^^{f,t)w ■■= sup {\\wA,^^f\\[-^QhM-16h2] + ||wA;,/||[o,i6h2] + \\wAJ\\[-^_-^Qh2^1]}, 



where 



AL/(^) 



hip 
>2 



^ifix) 



<— 



A^/(x) 



fix + h^{x)) - 2/(x) + fix - hifix)), 
f{x + 2h)-2f{x + h) + f{x), 
f{x-2h)-2f{x-h) + f{x), 



and ip{x) = Y^a?(r^^, (5„(x) = c^(x) + ^. 
Let 



il){x) 



' lOx^ - ISx^' + ex^, < X < 1, 

0, X ^ 0, 

1, x^l. 



Obviously, V is non-decreasing on the real axis, ip G C^((— oo, +oo)), '(/''*^(0) = 0, i 
0,1,2. V^'^(l) =0, i = 1,2 and V(l) = 1- Further, let 



Xi 



[n,^ - 2^] [n^ - ^/n\ 

X2 = , x^ 



n 



n 



-, X4 — - 



n 



n 



and 



Consider 



V'i(x) = ipi 



X — Xl , 
'X2 - Xl' 



1p2ix) = 1p{ 



X - X3 , 
'X4 -X3' 



Xl — X4 Xl — X4 

the linear function joining the points (xi,/(xi)) and (x4,/(x4)). And let 

Fnif, x) := F„(x) = /(x)(l - V^i(x) + Mx)) + Mx){l - Mx))P{x). 
From the above definitions it follows that 



Fn{f,x) 



{ fix), _ _ xG[0,xi]U[x4,l], 

f{x){l - tpi{x)) + ipi{x)P{x), XG [X1,X2], 

P(x), _ _ X G [X2,X3], 

_ P(x)(l -^2(x)) + V2(x)/(x), XG[x3,X4]. 



Evidently, -F„ is a positive linear operator which depends on the functions values f{k/n), ^ 
k/n ^ X2 or X3 ^ k/n ^ 1, it reproduces linear functions, and Fn G C^([0, 1]) provided 



/ G W^ ^. Now for every / G C^ define the Bernstein type operator 
Bn{f,x) := B„(F„(/),x) 

E Pn,ki^)fi-)+ E PnM^)Pi-) 

fc/ne[0,xi]U[3;4,l] X2<k/n<xs 

+ E Pn,k{^){f{-){1 - M-)) + M-)P{-)} 

^-^ n n n n 

x\<k/n<X2 
+ E Pn,k{x){P{-){l-U-))+U-)f{-)} (1-1) 

■^^ n n n n 

X3<A;/n<X4 

Obviously, Bn is a positive linear operator, Bnif) is a polynomial of degree at most n, it pre- 
serves linear functions, and depends only on the function values f{k/n), k/n G [0, X2]U[x3, 1]. 
Now we state our main results as follows: 

Theorem 1. If a > 0, for any f e Cw, we have \\wB'^{f)\\ ^ Cn^||?I;/||. 

Theorem 2. For any q > 0, ^ X ^ 1, we have 

2A, ^6//.. ,, ^ ( Cn{max{n'-\ip^(>^~'^}\\wf\\, f G C^, 



Theorem 3. For f G Cw, < .^ < 1, q > 0, ao e (0,2), we have 

wix)\fix) - Bnif, x)\ = Oiin-"2^-\x)5nix)D ^^ ojl,if,tU = 0(t""). 



2 Lemmas 

Lemma l.([91) For any non-negative real u and v, we have 
"~\A:, .., k 



V(-)-«(l - -)-Xfc(^) ^ Cx-^1 - x)-". (2.1) 



n n 

k=l 



Lemma 2. ([2]) For any a > 0, / G C^, we have 

\\wBn{f)\\^C\\wf\\. (2.2) 



Lemma 3.(0) // ip{x) = yjx{l-x), O^A^l, 0^/3^1, then 

I ■■■I ^-'■^(x + yufc)d7ii---dn^^C/iV^(^-^)(x). (2.3) 

•' 2 ■' 2 fc = l 

Lemma 4.([2j) If ^ G i?, then 

n 

EP"-'^'(^)I^ - ^^1^ ^ Cn2ip^{x). (2.4) 

fe=o 

Lemma 5. Let An{x) := w{x) ^ Pn,k{x)- Then An{x) ^ Cn~°'/'^ for < ^ < 1 and 

a > 0. 



Proof. If Ix — £ I ^ -4=, then the statement is trivial. Hence assume ^ x ^ £ 'j= 

(the case £ H — 7= ^ x ^ 1 can be treated similarly). Then for a fixed x the maximum of 
Pn,k{x) is attained for k = kn '■= [n^ — \/n\. By using Stirling's formula, we get 



Pn,k„ix) ^ C- 









__f1 _ "■ ''^■^ \k„('i _|_ fcn nx _i^^ 



Now from the inequalities 



and 



kn — nx = [n£ — ^/n\ — nx > n(£ — x) — \/n — 1 ^ -''^(C — x) 



l-u^e"""i"', 1 + u^e", n^O, 



it follows that the second inequality is valid. To prove the first one we consider the function 
\{u) = e-"-^"' + u - 1. Here A(0) = 0, X'{u) = -(1 + M)e-"-3"' + 1, A'(0) = 0, A"(u) = 
u{u + 2)e"""2" ^ 0, whence X{u) ^ for u ^ 0. Hence 

Pn,fc„(x) ^ ^exp{A;„[ -( — ) \ + kn - nx} 

\/n Kn ^ Kn 



n 2kn 



Thus j4„(x) ^ C(£ — x)"e '^"'^ ^' . An easy calculation shows that here the maximum is 
attained when f — x = -7= and the lemma follows. D 

Lemma 6. For < £ < 1, a, (3 > Q, we have 

w{x) Y^ \k-nx\Ppn,k{x)i^Cn^^-''^'^^^{x). (2.5) 



Proof. By (12. 4p and the lemma 5, we have 

w{x)^{w{x) Y. Pn,k{^))'^i E |fc-nx|2-'5p„,fc(x))2k^C7n(^-")/2/(x).n 

Lemma 7. For any q > 0, / G VFj ^, we have 

^(x)|/(x) -P(/,x)|[.,,.,] < C{-^^^nw^''f"\\. (2.6) 

Proof. If X G [xi, X4], for any / G W^ ;^, we have 

/(xi) = fix) + /(x)(xi - x) + Ht - Xl)f"{t)dt, 

J XI 

/(X4) = fix) + /'(X)(X4 - X) + Pit - X4)f"it)dt, 



1x4 

5nix) r — , n = 1,2, 



So 

wix)\fix)-Pif,x)\ ^ u,ix)\^^^\ r\it-x,)f"it)\dt 

■■= h+h. 

Whence t is between xi and x. We have ' ~f}^ ^ ^^t\ , then 

^ w(t) ^ ui(x) ' 

""(a;) \2|| -, 2A ^//|| 



Analogously, we have 



y/n(f^[x 



y/nip^[x) 



Now the lemma follows from combining these results together. D 

3 Proof of Theorem 

3.1 Proof of Theorem 1 

If / G Cyj, when x G [i, 1 - i], by [2], we have 

\w{x)B':,{f,x)\ ^ n^-\x)w{x)\Bn{f,x)\ 

" - k 

+ w{x)Lp~*{x) y^pn,k{x)\k - n3;||F„(-)| 

k=0 

_ " _ k 

+ w{x)ip '^{x)}(k-nxf\Fn{-)\pn,k{x) 

k=0 

:= ^1+^2+^3- 
By (j2:2]) . we have 

Ai{x) = ncp-\xMx)\BM,x)\ ^ Cn^wfl 

and 

Ek s-^ k 

\k - nx\\Fn{-)\pn,k{x) + } \k - nx\\P{-)\pn,k{x)] 

n ^ n 

k/ndA X2^k/n^X3 

thereof A := [0,X2]U[x3, 1]. If f e A, when ^^^ ^ C(l+n-f |A;-nx|"), we have |A:-<| ^ ^, 



by (123]), then 

n 

0"! ^ C\\wf\\if~'^{x)y^_^pn,k{x)\k - nx\[l + n~^\k 



__ _ ^ nx\ \ 

k=0 
n n 

= C\\wf\\ip~'^{x)'^pn,k{x)\k -nx\ + Cn~'^\\wf\\ip'^{x)'^pn,kix)\k 

k=0 k=0 

^ Cn^\\iDf\\. 



nx\^+" 



For 02-, -P is a linear function. We note |-P(-)| ^ 'fnax{\P[x\)\^\P{xi^\) := P{a). If x S 
[rcijrcj, we have w{x) ^ 'w{a). So, if j; G [xijrrj, by (j2.4|) . then 

n 

(T2 ^ Cw{a)P{a)ip~ (x) y^Pn,k{x)\k — nx\ ^ Cn \\wf\\. 

fc=o 

If X ^ [xi,X4], then w{a) > n~"2 , by (j2.5|) . we have 

0-2 ^ Cw{x)ip~^{x) ^ \P{a){k - nx)\pn,k{x) 

X2'S:k/ni^X3 

^ Cnz" ||tt;/||tt;(x)(/?~'*(a;) N^ |fc — nx|p„^fc(x) 

^ Cn2||u)/||. 

So, ^2 ^ Cn^||?D/||. Similarly, A^ ^ Cn^ ||7D/||. It follows from combining the above inequal- 
ities that the inequality is proved. 

When x € [0, ^] (The same as x G [1 - i, 1]), by [6j, then 

mf, x) = n{n -1)Y^ 1\ F„(-)Pn_2,fc(x). 
We have 



n 

k=0 



'"' A; 

\w{ ; '■;;;„", ;: :"';;:,:": "..^ . 

n 
fc=o 



;(x)5;'(/,x)| ^ Cn2t7)(x)V|^2^„(-)K_2,fe(x) 



= Cn2tD(x)[ V p„_2,fc(a;)|^'li^n(-)|+ V Pn-2,k{x)\t\P{-)\]. 

k/ndA X2^k/n^xg 

We can deal with it in accordance with the former proofs, and prove it immediately, then 
the theorem is done. D 

3.2 Proof of Theorem 2 

(1) We prove the first inequality of Theorem 2. 

Case 1. If ^ ^{x) ^ —/=, by Theorem 1, we have 

\wix)v^\x)B';if,x)\ ^ Cn-^\wix)B';{f,x)\ ^ Cn^-^\\wf\\. 
Case 2. If ip[x) > ^, by [3], we have 

2 " A- t 

5;'(/,x) = i?;'(F„,x) = (^^\x)r''Y,Q,{x,n)n'Y.^x--yFn{-)Vn,k{x). 

i=0 fc=o 

Q,(x,n) = (nx(l-x))[(2'^-^)/2]^ 

{^^{x))-''Q,(x,n)n' ^ C{nl^^{x)f^'l''. 



So 



\w{x)^''\x)B':{f,x)\ 

2 



^ cw{x)^^\x) Y.{^f^''' x; i(x - -rF„(-)K,(x) 

i=0 ^ ^ ^ fc=0 

= Cw{x)^'\x)J2i^,r'^' E \i---yFn{-)\PnA-) 

^-^ UD [x] ^-^ n n 

i=Q ^ ^ ' k/n&A 

+cw{x)^'\x)J2{^r^'^ Y: \{x - -yp{-)\PnM^) 

«— X2^k/n^X3 

■= Cri+'72, 

where A := [0,0:2] U [xs,!]. Working as in the proof of Theorem 1, we can get ui ^ 
Cn^~'^\\wf\\, (T2 ^ Cn^~'^ IliD/ II . By bringing these facts together, we can immediately get 
the first inequahty of Theorem 2. 

(2) If / G Wl^, by Bn{f,x) = Bn{Fn{f),x), then 

-,{x)^^\x)B':^{f,x)\ ^ nMx)^''\x)y^\K\Fn{-)\Pn-2,k{^ 



n-2 , 

, _, , ,. , , _ ,-:>o ^ ,k^ 

\W[ - .., , 

n 

k=0 

n—3 , 

n'^w{x)^^^{x) V 1^! F„(-)|pn-2,fc(a 

k=l 

2\( -'^'•^ 



+ n'w{x)^'^{x)\^\FnmVn-2fi{x) 

n 

+ r?w{x)^'^^{x)\K\ F„(!i^)|p„„2,n-2(a;) 
n n 



:= h + h + h. 
By [3], if < /c < n — 2, we have 



\1\ Fn{-)\ ^ Cn~' / " \F:ii- + u)\du, (3.1) 

n Jo n 



If A: = 0, we have 

2 



|^iK(0)| ^ C /" u\F^iu)\du, (3.2) 

" Jo 

Similarly 

lllFni"^^—^)] ^ Cn-^ I {I - u)\F'M\du. (3.3) 

n 

By dSTj, then 

n—3 „2 , 

h ^ Cnw{x)ip'^^{x)y2 \Fni- +u)\dupn-2,ki^) 

ri - k 
= Cnw{x)(p^^{x) y~] / \F^{- + u)\dupn.2,ki^) 

n n 

k/ni^A''^ 

+Cnw{x)ip^^{x) V / " \P"{- + u)\dupn-2,k{x) 

Jo n 

X2^k/n^X3 

:= T1+T2, (3.4) 



where A := [0,X2lU[x3, 11, P is a linear function. If - E A. when '^/f; ^ C(l-\-n 2 \k — nx\ 
we have \k-nC\^ ^,hy ([21^ . (p^i]) and the Theorem 2, then 

-^^ ' n n 

fc/nSA 

^-^ n 

k=0 

^ CllV'i^nll 

^ C\\w^''f"\\. 
Working as the Theorem 1, we can get 

Ts^CllVY'll- 
So, we can get 

h^C\\w^'^f"\\. 
By (j3.2p and the Theorem 2, we have 

h ^ Cn^wix)ip'^^{x){l-x)''-^ r u\F^{u)\du 



, 2 
JO 

^ Cn'^iB{x)ip'^^{x){l-x)''-'^\\wip'^^F^\\ utv-\u)ip-'^^{u)du 

Jo 

^ CWwif'^F'^W 

^ C\\wip'^^f"\\. (3.5) 

Similarly, 

/3^C||VV"I|. (3.6) 

By bringing (j3.4p . (j3.5p and ()3.6p together, we can get the second inequality of Theorem 2. D 

Corollary 1. If a > and A = 0, we have 



\w{x)B';,{f,x)\^ 



Cn^wfW, fGC^, 



CWwf'l fewl 
Corollary 2. If a > and A = 1, we have 

3.3 Proof of Theorem 3 
3.3.1 The direct theorem 

We know 

Fn{t) = Fn{x) + F'^{t){t -x)+ I {t- u)F^{u)du, 

J X 

Bn{t — X,x) = 0. 



According to the definition of W^ ^, for any g £ W^ ^, we have Bn{g, x) = Bn{Gn{g),x). 

(1) We first estimate w{x)\Gn{x) — Bn{Gn,x)\ under the condition of x G [^,1 — ^], then 
^"^(x) < h ^nix) ~ ^, and 

w{x)\Gn{x) - BniGn,x)\ = w{x)\Bn{R2{Gn,t, x), x)\ 

thereof i?2(G„,t,x) = J^{t — u)G'^{u)du. 

It fohows from LT^J ^ -^^r-r, u between t and x, we have 

W(U) ^ w(x) ' ' 

2X^11 V -/ ^ ^ / / \l^ U\ 



w{x)\Gn{x) - Bn{Gn,x)\ ^ G\\w(p GJ\w{x)Bn{ -/ n ox/ . du,x) 



^ G\\wip^^G'2w{x){Bni I ^^3-^|dn,x))t(i?„(/ lL_^du,x))^2 



also 



i 



*'*-^i|, ^{t-xf f^\t-u\, (t-xf , „, 



By ^Mi and ([SJl), we have 



w{x)\Gn{x) - Bn{Gn.x)\ ^ G\\w^'^Gl\\^,-'\x)Bn{Xt - x)\x) 

< rr7-lAi^|U7,,^2A^//|| 

(2) We estimate w(x)\Gn(x) — i?„(G„,x)| under the condition of x G [Oj ^) (The same as 
X G (1 - i, 1]), Lp(x) ~ (5n(x), now 

u;(x)|G„(x)-i?„(G„,x)| ^ Cw(x)Y,VnAx)\^\i.--n)Gl(u)\du 

rx 
JO 

+ Cw{x)pn,n{x) \{l - u)Gn{u)\du 



h+h + h- 



If li between - and x, we have 



I- 



^1 ln~^l |^/"'-'u| \k/n-x 



^ .-.2/^N ' — hat::^ ^ ..A\t^\ ■ (3-8) 



w^(n) w^{x) ip^-^{u) (/3^'^(x) 



By dMD and ([SSD, then 

n— 1 „1 



T ^11- 2A^//ii -/ N v^ /"" |A;/n — ul , 

^11 9>^//ii / X v^ / f~ \kln — u\ , ,i,f~ \k/n — u\ , ,i 

n-l 



fc=0 

^ ri ~\ "ni^J II- 2A/i//|| 

^/ On{X) n2|| -„ 2A/^//|| /or 

For /2) when u between - and x, we let A; = 0, then -=j--^ ^ tSp^, and 

Jo 



^ C{nx){l - x)"~^ • n-' \;. \ Ww^'^G. 



(p'^^{x) 



n-l „-l "f" \-^J ILt-.,.2A/=V//| 



Similarly, we have 



^ nt "n(.^) ^2|| -, 2A/^//|| /Q 1n^ 



T ^ r»/' '^ni20^\2|| -, 2A/=V//|| /QiiN 



By bringing (j3.9p . (|3.10p and p.lip . we get the result. Above all, we have 
w{x)\Gn{x)-Bn(Gn.x)\ ^ g( /^"^rL )'ll^y'^gnll- 

By (12. 6p and the second inequality of Theorem 2, when g G PF^ _>^, then 

w{x)\g{x) - Bn{s-,x)\ ^ w(x)|5((x) - (^^(fii,^)! +?D(x)|G'„(fi(,x) -i?„(5',x)| 

^ C(^^i^)^||Wl|. (3.12) 

For / G Ctu, we choose proper gi G TV? ;^, by (I2.2p and (|3.12p . then 
w{x)\^(x) - Bn{f,x)\ ^ w{x)\f{x) - g{x)\ +w{x)\Bn{f - g,x)\ + w{x)\g{x) - Bn{g,x)\ 



3.3.2 The inverse theorem 

We define the weighted main-part modulus for D = R^ by 

ftlx{C,f,t)u,= sup \\wAl .f\\ich*,oo], 

where C > 2i/'^(°)-\ /3(0) > 0, and h* is given by 

r (^r)i/i-/3(0)/,i/i-;3(0)^ ^ m < 1, 

The main-part i^-functional is given by 
H'^,{f,t%= sup inf{||^(/-<7)||[Ch*,oo]+t'llWll[Cft*,oo], <7'GAC.((Cr,oo))}. 

By [3], we have 

C-'nl,if,t)^^ujl,if,th^cJ -^ dT, (3.13) 

C-'Hl,{f,t% ^ nl,{f,t)^ ^ CHl,if,t%. (3.14) 

Proof. Let 5 > 0, hj (j3.14p . we choose proper (7 so that 

||^(/-g)|| ^ cnl,{f,t)u„ II Wll ^ cr2o2,(/,t)^. 



then 

+\w{x)Al^,Bn{g,x)\ 
2 

^ Y.ci{n-Un{x+{i-j)h^\x))r 



j=0 








^l 


.hv^(x) 

hv>^(x) 
2 •' 


.hf^ix) 
2 

h<p^(x) 
2 


u;(x 


^1 


,h^'^(x) 

h^^(x) 
2 •' 


.hf^ix) 
2 

h<p^(x) 
2 


u)(x 


J1 + J2 + Js- 







)Bn{f - 9,x + '^ Uk)duidu2 
k=l 
2 
)Bn{9, x + ^ Uk)duidu2 



k=l 



Obviously 



By Theorem 1, we have 



(3.15) 



Ji ^C(n-2 5„(x))"o. (3.16) 



J2 ^ Cn^w{f-g)\\ / J^^^ / J^^^ du,du2 

■' 2 — -^ 2 — 

^ Cn2/iV'\x)f]j4/,5)^. (3.17) 



2 2 k=l k=l 

^ Ch^6-^nl,{f,6U. (3.19) 



By the second inequality of Corollary 2 and (j2.3p . we have 

J2 ^ Cn||^(/-5-)|| / ,, / , (^"^(2; + Vufc)dui(iu2 

•^ 2 -^ 2 fe=i 

^ Cnh^ip^^'^'^\x)nl,{f,S)^. (3.18) 

By the second inequality of Theorem 2 and (|2.3p , we have 

hv\£i i^eiM 2 2 

J3 ^ C\\unp'^'^g"\\id{x) / , / , u'~^(x + y^Ufc)v3~^'^(x + y^Ufc)(inidii2 

/ hip'^{x) f hi^-^^x) t ^ t ^ 

2 

¥> 

Now, by (|3lB . dSHD, (IXT8]) and (IXT9]) . we get 

|tD(x)A2^./(x)| ^ C{(n-5<5„(x))"« +/i2(n-i<5„(x))-2f^2.(/,<5)^ + /i2r202^(/,<^)^}. 
When 71 ^ 2, we have 

rT^bnix) <{n- l)~25n-i{x) ^ \/2n~2(5„(a;), 
Choosing proper x,n £ N, so that 

n''2S^[x) ^ 5 < (n - l)"25„_i(x), 
Therefore 

|«;(x)A2^./(x)| ^ C{5^'^ + h^5-^nl,{f,5h}. 
By Borens-Lorentz lemma, we get 

nl,if,tU^Ce'^. (3.20) 

So, by dSSOD, we get 

Jo T Jo 
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